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The Propagation of Errors

We can never know the “exact” answer.  At some point, even with the most sophisticated modern equipment, measurements are uncertain.  Plank’s constant, for example, is a fundamental constant of chemistry and physics with a value of 6.626069x10-34 J s.  But what happens at 0.000000_x10-34 J s? We need a way to determine how the uncertainties in individual measurements will effect our confidence in any mathematically derived final answer.  You have already done a good bit with errors and the statistical treatment of data in previous classes so some of this material will be review.  What will be new to you in this document is the way that errors in measured values carry through calculations to effect your final answer.  A more detailed treatment of the treatment of experimental errors can be found in chapter II of your text (GNS) (Garland, C. W.; Nibler, J. W.; Shoemaker, D. P.;, “Experiments in Physical Chemistry”, seventh edition, McGraw-Hill Inc., New York (2003) p. 29.)  Additional information can be found in Miller, J. C.; Miller, J. N., “Statistics for Analytical Chemistry”, John Wiley & Sons, New York (1988) pp. 33-51.

Errors: 

Systematic error is inherent in the experimental method and the same for all measurements.  For example, calibration errors, instrumental drift, interpretation. Repeated measurements do not eliminate systematic error.  

Random error is due to unpredictable random fluctuations and can be reduced by repeated measurements.  

Precision is a measure of how close your measurements are to each other.  Random error. (Figure 1)

Accuracy is a measure of how close your measurements are to the right answer.  Random plus systematic error. (Figure 1)
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Measurements:  In measurements, report all numbers of which you are certain and one uncertain number as in Figure 1.
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Figure 3: Gaussian distribution of errors


In this case, the volume is known to the nearest mL.  You can then make an estimate at the 0.1 mL level and, depending on the scale, decide your confidence in the estimation.  In this case, the measurement may not be exactly 1.6 mL.  It may be 1.5 or 1.7 but doubtfully 1.4 or 1.8.  Therefore we could report this value as 1.6 +/- 0.1.   

Statistics:  If we had an infinate number of measurements, we would have a perfect Gaussian distribution of errors with the correct (within the limit of systemic errors) value, , on top of the curve with 68% of the measurements +/-  from the center and 95% of the measurements +/- 1.96  from the center as in Figure 3.

[image: image16.emf]1.0 mL


2.0mL


Figure 2


: Volume measurement in a graduated cylinder


reported as 1.6 mL.




1.0 mL

2.0mL

Figure 2: Volume measurement in a graduated cylinder

reported as 1.6 mL.


Usually we have only 4 or 5 measurements so we have to make approximations. As an approximation to  and , we can use the mean 
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Figure 1


: (a) low accuracy and low precision. (b) high accuracy and low precision


(c) low accuracy and high precision. (d) high accuracy and high precision.
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Figure 1: (a) low accuracy and low precision. (b) high accuracy and low precision

(c) low accuracy and high precision. (d) high accuracy and high precision.

and standard deviation S: 
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where N is the number of measurementsWe want to have some idea of how close our mean is to the true value.  In other words, we want to set confidence limits on the error of the mean.  We are looking for the standard error of the mean Sm. Sm is related to S by equation 3.
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As you can see, for an infinite number of measurements, Sm is 0 and the mean is equal to the true value.  However, we do not have an infinite number of measurements.  If we want to be 95% certain that the true value is contained within some region surrounding the mean, we must consult a table of t values (p. 50 GNS).  Make sure that you use the t value for N-1 degrees of freedom.  We can then report our measurement as 
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 with 95% certainty.


Occasionally, one value seems far removed from the others.  We cannot simply throw it out (although we might want to) the Q test (eq. 4) is a test to determine if one value can be discarded.
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If Q is larger than the value for N measurements in a table of Q values (p. 42 GNS) then the point may be rejected.  Keep in mind that the “highest” or “lowest” includes the suspect value.


There are other ways of reporting the spread of values, but the way described above is most common.  If a different method is used it should be explicitly stated.  Four measurements with a mean of 7.5 and Sm=0.085 should be reported as 7.5 +/-0.3 (95% N=4).

The Propagation of errors: If measured values x,y,z… with uncertainties x, y, z are mathematically manipulated to give the final answer F, what is the uncertainty in F,  F?  F is a function of x, y, z… F(x,y,z…).  Therefore, an infitesimal change in x,y,z,… is related to a change in F by the partial derivative as in equation 5.
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If the change (error) in F is finite but small, we can substitute  for the derivative.
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The  are simply the confidence limits that we talked about before.  To find the confidence limit of F we need to take into account the possibility that errors will cancel each other so we square equation 6
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(7)

and average over all possible errors.  Because we are just as likely to have positive errors as we are to have negative errors, the cross terms cancel out leaving us with the general equation 8 for the confidence limits of a derived number.
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Thus for the cases you are most likely to encounter, F=x+y+z… (or F=x+y-z… or any combination thereof), F=xyz (or x/yz…) or F=xn, the confidence limits on F are described by equations 9, 10 and 11 respectively.


[image: image11.wmf](

)

(

)

(

)

(

)

(

)

(

)

2222

222

...

...

Fxyz

Fxyz

D=D+D+D

D=D+D+D




(9)


[image: image12.wmf](

)

(

)

(

)

(

)

(

)

(

)

(

)

(

)

(

)

(

)

(

)

(

)

(

)

(

)

(

)

(

)

(

)

(

)

(

)

(

)

(

)

(

)

(

)

(

)

(

)

(

)

(

)

(

)

(

)

(

)

2

22

222

222

2222

222

222

2

222

2

222

2

222

2

222

222

,,

FFFF

yzyzxzxy

xxyz

Fyzxxzyxyz

yzxxzyxyz

F

F

xyzxyzxyz

xyz

F

F

xyz

xyz

F

F

xyz

æö

¶¶¶¶

æöæö

=\===

ç÷

ç÷ç÷

¶¶¶¶

èøèø

èø

D=D+D+D

DDD

D

=++

DDD

D

=++

DDD

D

=++



(10)


[image: image13.wmf](

)

(

)

(

)

(

)

(

)

2

2

11222

22222

222222

2

222

nnn

n

n

n

FF

nxnxnx

xx

Fnxx

nxxnx

F

Fxx

nx

F

Fx

---

-

-

¶¶

æö

=\==

ç÷

¶¶

èø

D=D

DD

D

==

D

D

=




(11)

The best way to get this is to try it out.  Suppose you want to find a value, R, by the equation 
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.  If A=5.0 +/-0.1, Q=7.6+/-0.1,T=1.7+/-0.2 and multiple measurements of B (7.3, 7.5, 8.5, 7.6,7.5) and C (0.043, 0.045, 0.050, 0.045, 0.046, 0.044) are taken, what is the value of R to 95% confidence? 
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